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Theoretical Mechanics: Summary

Kinematics

1. Position vector r, velocity v, and acceleration a of a particle are related by:

2. 1D motion with constant velocity v:

T = vt + .

3. 1D motion with constant acceleration a:

v = at + vy, x:%atQ—l—vot—i-xo,

where xy and vy are the position and velocity at ¢ = 0, respectively.

4. Rotation with constant angular velocity w (frequency v = =) along a circle of radius

R:

polar coordinates

T:R, 9:wt—|—90,

Cartesian coordinates

xr = Rcos(wt + b)), y = Rsin(wt + 6y),
e linear velocity
v = Rw,
e acceleration
a = Ruw?,

where 0, is the value of # at t = 0.
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5. Rotation with constant angular acceleration a:

w = at + wy, 9:%at2+w0t+00,

where w is the angular velocity, 6 is the angular coordinate, wy is the angular velocity

att = 0, and 6 is the angular coordinate at ¢ = (.

Dynamics

1. Newton’s second law:

ma = F.

2. For a sliding body, the friction force is Fiy = kN, when N is the normal reaction force.

It is oriented in the opposite sense of the motion.
3. Conserved quantities:

e linear momentum
P = E mivi,
i

e angular momentum with respect to the origin

AO = E m;r; X i‘ia
7

e angular momentum with respect to an arbitrary point P
AP = Zmz (I‘i — I‘p) X I"i,
i
e total energy
E=U(zy,29,...)+ Z imv7,
i
where U is the potential energy.

4. A conservative force F' and the corresponding potential energy U are related by

F=-VU
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5. The potential energy and force for a spring of modulus k&, and unperturbed length L
are

U=k (L—-Ly)*, F=—k(L-Ly,

where L is the current length of the spring. The direction of F is such that it tries to

bring the spring back to its unperturbed configuration.

6. The potential energy U and force F' for a particle of mass m located at a height H, in

the Earth’s gravitational field are

e locally:
U = —mgH’ F — mg,
e globally:
_ GMEm _ GMEm e
Rg+H’ (Re+H)* "

where G is the gravitational constant, Mg is the Earth’s mass, Rg is the Earth’s
radius, e, is a radial unit vector. G = 6.7x 10" " m* kg~ s72, My = 6.0x 10** kg,

and Rg = 6.4 x 10°m.

e The angular velocity of a body rotating along a circular orbit around a much heav-
ier body of mass M is
GM

W = —a

R?)

where R is the orbit radius.

Oscillations

The equation of a forced linear pendulum with small amplitude is
b+ 2¢¢ + wp = Fycos(Qt)

where c is the friction coefficient, w? = % is the natural frequency of the pendulum, L is the

length of the pendulum, F{, and €2, are the amplitude and frequency of the external forcing.
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Hamiltonian mechanics

1. The Hamiltonian equations are

: oOH ) OH
€rT: == —— P —
J apj ’

2. The Poisson brackets of functions

3. A transformation

=2 (T, T, D1y Pr) Py =pi(T1, . Ty D1y Pn) s
is canonical if and only if
{zinh} = =0, {aiwi} =0, {pp} =0
4. The Lagrangian equations are
Stability of dynamical systems

Let xr be a fixed point of a dynamical system x = f(x), where

Z1 fl(l.la"'aa;k)
{5 f2(x17"'7xk)
X = , f=

T fe(@r, .o xp)

Then,
ofi  Of1 of1
ox1 Oxo Tt Oz,
Ofe  Of2 Of2
J — ox1 Oxe ' Oxy 7
Ofk  Ofk Ofk
_3.%1 Oxo e axk_

is the Jacobian matrix of the system at xg, with eigenvalues A1, Ao, ..., Ax.
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e If R(\;) < 0 for all j then xf is asymptotically stable.
e If R(\;) > 0 for some j then X is unstable.

o If R(\;) < 0 for some j, and R(\;) = 0 for the remaining j, then the test is inconclu-

sive.
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