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1 Neglecting Air Resistance [1]

The criteria for neglecting air resistance in calculating trajectory of a spherical
object of denityp, diameterD, launched with velocityy is

3paCpo

1
4pgD <

wherep, = 1.24kgm~2 is the density of airC, = 0.3 is the drag coefficient. To
understand why this is so, you will have to wait for coursedloid mechanics
and mathematical modelling.

Quantity Shot putt Basketball Baseball Tennisball Golf ball
D (m) 0.11 0.243 0.073 0.064 0.042
p (103kgm=2) 10.4 0.08 0.699 0.423 1.17
vy (Mms™?) 13.7 7.62 42.7 45.7 70.1
SpeChon 0.005 0.085 1.01 2.19 2.83
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2 Shot Putting [1]

A shot putter releases a shot from a heigh.6fm at a speed of3.7ms ! and at
an angle oft1.9° (this angle maximises the horizontal distance the shoetsav

1. Derive the time dependent equations of the trajectoryarametric form:
xr = x(t) andy = y(t).

Calculate the equation of the trajectory in the farm y(x)
Find the location:nay, ymax Of the maximum in the trajectory.
Find the time [, the shot is airborne.

Find the horizontal distancé, travelled by the shot.

o g A~ w N

Verify L is greater than s, the distance the shot would have travelled if
the launch angle wa°.

Equations of thetrajectory: x(t), y(t) The equations
=0 j=-g

Integrate once

va(t) t vy(t) t
[ = foa [T = [ ga
vg cos 0 0 vo sin 6 0
with the result
vz (t) = vg cos B vy (t) = vosinf — gt
Integrate a second time
at) t ut) t
dx = / vg cos 6 dy = / (vosinf — gt) dt
0 0 H 0

with the result

x(t) = vot cos y(t) = H + vot sin — gt°

Equations of thetrajectory: y(«) Eliminate time from the two equations

2
p= = y(x) =H + xtanf — 9t
Vg cos 0

202 cos? 6
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Maximum of trajectory

dy g
Y _ tang— I
dz vg cos? 0
— hend —
T = TmaxWheng =
vg sin 0 cos 6

g

Tmax =
Substituting in numerical values

13.7% sin 41.9° cos 41.9°
Tmax = 981 =9.51m

To obtainymax SUbStituteryay into the equation of the trajectory

v2sin? 6
Ymax — H+ 0
29
13.72sin% 41.9°
= 2. = 6.
Ymax = 2.3+ —5 =027 6.57

AirborneTime Find the timel" at whichy = 0
0:H+UOTsine—gT2 N

Quadratic formula (positive root)

T =

vp sin 0 visin’@  2H
+ ——
9 g g

Substitute values in

~ 13.7sin41.9 \/13‘72 sin?41.9 2 x 2.3

T
9.81 9.812 * 9.81

=2.09s

Distancetravelled We can calculaté by usingL = z(7T)
L = vyT cos®.
The substitution is best done numerically

L =13.7x2.09 x cos41.9 =21.3m
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45° case Find numerical values of;; and L4; using the formulae derived
above. Substituté = 45° into:

Vo sin 6 v2sin®h  2H
Tis = =——— + | ——5— + —
g g g

to obtain

=2.19s

13.7sin 45 13.7%2sin?45 2x 2.3
Tys = +
9.81 9.812 9.81

And substitutel, = L,5, T' = Ty andd = 45° into

L = vyT cosf

to obtain

Lys =137 %219 X cosdb =21.2m < L =21.3m

3 Throwing a Basketball [1]

A basketball player is a horizontal distantdrom the hoop. He throws the bas-
ketball with velocityv, from heightH to a hoop at height.

1.

Derive a formula for the trajectory of the basketball ie tormz = x(¢),
y=yt)

Derive a formula for the trajectory of the basketball ia farmy = y(x).
Derive a formula for the two possible launch angles of thié b

Taking the values, = 7.62ms!, L = 4.57m, H = 2.13m andh =
3.05 m calculate the values of those two angles.

Given that the diameter of the basketbal.i&44 m and the diameter of the
hoop is0.45 m show that one trajectory is impractical.

Show that the basketball achieves a maximum height3gfm

Show that it takes the basketbal s to reach the hoop.
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Trajectory: x(t), y(t) The equations of motion are:

Integrate once

vg(t) t vy(t) t
/ d:'c:/Odt / dy':—/gdt
vg cos 0 0 vp sin 6 0

with the result
vz (t) = vg cos B vy (t) = vosinb — gt

Integrate a second time

1) t t) t
dz = / vg cos 6 dy = / (vosinf — gt) dt
0 0 0

H

with the result

x(t) = vot cos y(t) = H + vot sin — gt°

Trajectory y = y(x) Eliminate time from the two equations

2
p= y(x) =H + xtanf — 9t
Vg cos 0

202 cos? 6

Analytic throw angles Given that the location of the hogp= h, x = Lis a
solution to the trajectory equation we have

gL?

h=H+ Ltanf — ———
L tan 202 cos? 6

To make this easier to solve we substitute in the idehtity

—— =tan*f +1
cos2 6 o+
to obtain 12 12
h:H+Ltan9—g—2 - g—Qtan29
v 2v;5
rearrange
202 2(h—H)v?
_ 2 0 0
0 = tan G—g—Ltan0+1+T

IDivide 1 = cos? @ + sin” @ by cos?6.
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and solve fotan 6 with the quadratic formula

v3 vy 2(h— H)uv2
tanf= 0 4 ) N4 20T )%
WY=L \/92L2 gL?

gL (gL 2(h—H)
1+l -5 (5+——=
\/ v3 (U§+ L

or

2
tanf = Yo
gL

Numerical values of angles

- \/1  9.81 x 4.57 <9.81 X 45T | 2(3.05 - 2.13))]

7.622

tand = o 157

7.622 7.622 4.47

0 = 59.2°, 42.5°

Enteringthehoop Calculate the gradient of the trajectory when the ball reache

the hoop
dy gL
-~ =t 0 —
dr " vg cos? 0

In order to enter the hoop the absolute value of the trajgstgradient must be

greater thanmlg /dy = 0.244/0.45 = 0.542.

d
0=425  |=L|=0475
dz
0 = 59.2° % =1.2
dz
Only if 8 = 59.2° will the ball enter the hoop.
Maximum height Differentiate
=H +xztanf — 92"
v= 202 cos? 0
to get
dy gr
— = tan¥
dr " vg cos? 0
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at the maximum

dy
A
dz
vE sinf cos
xmax - -
g
substitute into the equation fgr
v2sin? 6
Ymax = H + 0

29
Substitute in numerical values

7.622 sin” 59.2

Ymax = 2.13 + —————— =4.31m

2 x 9.81

Airbornetime Use the equatiom = vyt cos

L
L=vyTcos) — T =
vg cos 8
Substitute in numerical values
4,
T i =1.17s

- 7.62 x cosH9.2
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4 \olcanic Bombs

The figure [2] shows the type of eruption known as a fire foumtdi is a long
exposure photo taken at night. The red curves are ‘volcamads’ red hot lumps
of magma ejected at high velocity from the volcano. Assunthwgvolcano is
800 m high estimate the velocity of the volcanic bombs.
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The first question we ask is whether the trajectory of a votchiomb can be
modelled by the equations we have derived. It would be a bityitg if they
couldn’t but maybe air resistance is important. Use a gpprogram to draw
parabolas over some of the trajectories.

The parabolas fit the trajectories extremely well.
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e 5.8cm on the picture corresponds&00 m

. . 2 .
e Plot lines corresponding tp = z tan 6 — " for various values of
. . 0 . .
andé until a reasonable match to a trajectory is obtained.

e The line of the figure correspondsdo= 60° andv, = 65ms.

e If I was in less of a hurry | would use a digitising program litatatheif to
get coordinates of points on the trajectory and then usesa $gaares fit to
find best fit values foé andu.

¢ Note that we only have an estimatewgfandv.; we don't know what,, is
up to.
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The (octave ) code | used to calculate the (scaled) trajectory

scale=800/5.8;

x=linspace(0,200,20);

0=9.81;

v0=65;

theta=60 *pi/180;

y=X * tan(theta)-g * X."2/2/v0"2/cos(theta)"2;

fprintf("\\pscurve");

for i=1:length(x);
fprintf("(%f,%f)",6-x(i)/scale,6+y(i)/scale);

endfor,;

fprintf("\n")
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