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Microsoft Hiring Question You are in a boat in the exact centre of a perfectly circular

lake. There is a goblin on the shore of the lake. The goblin wants to do bad things to you.

The goblin can’t swim and doesn’t have a boat. Provided you can make it to the shore—and

the goblin isn’t there, waiting to grab you—you can always outrun him on land and get away.

The problem is this: The goblin can run four times as fast as the maximum speed of your

boat. He has perfect eyesight, never sleeps and is extremely logical. He will do everything in

his power to catch you. How would you escape the goblin?
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1 Uniform Circular Motion

A particle undergoing uniform circular motion has Cartesian coordinates

x = R cos (ωt+ θ0) y = R sin (ωt+ θ0) ,

and polar coordinates

r = R θ = ωt+ θ0

Angular Velocity Angular velocity, usually denoted ω is the rate of change of the angular

coordinate, θ.

ω =
dθ

dt
= θ̇

Angular Frequency Angular frequency is the inverse of the time for a single revolution.

Speed the magnitude of the particle’s (linear) velocity.

If it takes a particle T seconds to make a complete revolution round a circle of radius R:

• The angular frequency is T−1

• In T the particle travels a distance of 2πR, therefore its speed is 2πR/T

• There are 2π radians in a complete revolution so the particle moves through an angle of

1 radian in T/2π. Its angular velocity is ω = 1/ (T/2π) = 2π/T

• Angular velocity, ω, and speed, v, are related by v = rω.

vt

ωt
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Worked example Which is greater, the velocity of the the Earth’s rotation (at the equator)

or the velocity of the Earth’s orbit?

The Earth, which has radius rE = 6.4× 106 m, completes one rotation in 23 hours 56 minutes

and 4 seconds i.e. Tday = 8.62× 104 s.

angular frequency =
1

Tday

=
1

8.62× 104
= 1.16× 10−5 Hz

angular velocity =
2π

Tday

=
2π

8.62× 104
= 7.29× 10−5 rad s−1

linear velocity = radius × angular velocity

=
(

6.4× 106
)

×
(

7.29× 10−5
)

= 467m s−1

The Earth is RES = 1AU = 1.5 × 1011 m away from the Sun (on average). It completes an

orbit in 1 year i.e. Tyr = 3.16× 107 s,

angular frequency =
1

Tyr

=
1

3.16× 107
= 3.17× 10−8 Hz

angular velocity =
2π

Tyr

=
2π

3.16× 107
= 1.99× 10−8 rad s−1

linear velocity = radius × angular velocity

=
(

1.5× 1011
)

×
(

1.99× 10−8
)

= 2.98× 104 m s−1

Conclusion: The velocity due to the Earth’s orbit is greater.

2 Circular motion and Vectors

A small angle δθ may be represented by an vector of magnitude δθ and direction normal to

the plane of rotation: δθ. (A large angle cannot be represented by a vector. Why not?)

Since

ω = lim
δt→0

δθ

δt
=

dθ

dt

only involves a small angle δθ = θ(t+ δt) − θ(t), we can convert the above into a vector

equation.

ω =
dθ

dt
.
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ω

r

v

We can now write a vector equation for the velocity

v = ω × r

Remember that r will be changing with time, so the equation could be written as

dr

dt
= ω × r

3 Circular motion and complex numbers

Circular motion on a plane can be modelled by taking x and y to be the real and imaginary

parts of the complex number

z = Rei(ωt+θ0).

It is easy to see that this corresponds to the Cartesian formula for circular motion

x = ℜ z = R cos (ωt+ θ0)

y = ℑ z = R sin (ωt+ θ0)

3.1 Modelling the solar system

On interesting case where objects move in (more or less) circular orbits on a plane is the orbits

of the planets of the solar system (now Pluto has been demoted).
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The clever part is that move the origin to another planet (e.g. Earth) and see the motions of the

other planets relative to that planet all I have to do is subtract the complex number describing

the Earth’s orbit from the complex number describing the planet’s orbit.

The Dresden Codex The Dresden codex was left by the Mayan people of central America.

The key to deciphering it was the number 584.

4 Uniform Circular Motion and Acceleration

If we take another look at the vector formula relating velocity and angular velocity

v = ω × r

we see that we can differentiate it to get an acceleration

a =
dv

dt
=

d (ω)× r

dt

For uniform circular motion ω is a constant, but r is constantly changing dr
dt

= v.

a = ω × v

The acceleration is orthogonal to both the velocity and the angular velocity: therefore it must

be parallel to the radius (but directed inwards). The magnitude of the acceleration can be

written as

a = ωv =
v2

r
= ω2r

We can see this geometrically.

r(t)

v(t)
r(t+ δt)

v(t+ δt)

v(t+ δt) v(t)

aδt

ωδt

ωδt
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aδt = v(t+ δt)− v(t)

where a is directed in the inwards radial direction. The magnitude of the acceleration is

a = vω

Alternatively and rather neatly, we can calculate the acceleration from the complex number

formula. If the components of r are the real and imaginary parts of the complex number

z = Reiωt, then the velocity is given by

ż = iωReiωt = iωz

The factor of i tells us the velocity, ż, is at 90◦ to the radius, z. The magnitude of the velocity

is given by |ż| = Rω.

The acceleration is given by

z̈ = −ω2Reiωt

i.e. the magnitude of the acceleration is |z̈| = Rω2 and it is directed in the opposite direction

to the radius, z.

We will return to acceleration of uniform circular motion when we have learned about New-

ton’s laws of motion and gravitation.

5 Angular Acceleration

If the angular frequency ω is changing at a constant rate α then:

d2
θ

dt2
=

dω

dt
=

dθ

dt
= ω =

θ =

where, at t = 0, the angle is θ0, and the angular velocity is ω0.

www.industrial-maths.com/wlee/ms4414.html William Lee



MS4414, Theoretical Mechanics 7

Worked Example Tidal friction in the Earth-Moon system transfers angular momentum

from the Earth to the Moon: the length of the day on Earth is increasing by 2.4 milliseconds

per century and the Moon is moving away from the Earth at a rate of 38.14 millimetres per

year. What is the angular acceleration of the Earth?
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